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Abstract. We shall obtain unobstructed deformations of four geomet¬ 
ric structures: Calabi-Yau, HyperKahler, G 2 and Spin(7) structures in 
terms of closed differential forms (calibrations). We develop a direct 
and unified construction of smooth moduli spaces of these four geomet¬ 
ric structures and show that the local Torelli type theorem holds in a 
systematic way. 


§0. Introduction 

There has been considerable interest recently in Riemannian mani¬ 
folds with vanishing Ricci tensor. The list of holonomy group of Ricci- 
flat manifolds includes four interesting classes of the holonomy groups: 
SU(n), Sp(m), G 2 and Spin(7) [1]. The Lie group SU(n) arises as the 
holonomy group of Calabi-Yau manifolds and Sp(m) is the holonomy 
group of HyperKahler manifolds. The exceptional Lie group G 2 and the 
Lie group Spin (7) respectively occur as the holonomy groups of 7 and 8 
dimensional manifolds. There are many interesting common properties 
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between these four geometries. One of the most remarkable property is 
that the deformation spaces of these geometric structures are smooth,i.e., 
unobstructed. It is also intriguing that there are smooth moduli spaces 
of these geometric structures, in which the local Torelli type theorem 
hold, so that is, these moduli spaces are locally described in terms of 
cohomology groups. Bogomorov, Tian and Todorov show that the de¬ 
formation space (Kuranishi space) of Calabi-Yau structures is smooth by 
using Kodaira-Spencer theory [2],[25],[27]. The moduli space of polar¬ 
ized Calabi-Yau manifolds is constructed by Fujiki-Schmacher [8] from 
complex geometric point of view. Joyce obtains smooth moduli spaces of 
G 2 and Spin(7) structures respectively [13],[14],[15]. The construction of 
moduli spaces of G 2 and Spin(7) structures are different from the one of 
Calabi-Yau structures since G 2 and Spin(7) manifolds are real manifolds, 
in which we can not apply the deformation theory of complex manifolds. 
Hitchin shows a significant and suggestive construction of deformation 
spaces of Calabi-Yau structures on real 6 manifolds and G 2 structures 
on 7 manifolds [12]. It must be noted that these four geometries are 
defined by certain closed differential forms on real manifolds. From this 
point of view we shall obtain a direct and unified construction of smooth 
moduli spaces of these geometric structures. In the case of Calabi-Yau 
manifolds, we consider a real compact 2n manifold with a pair consist¬ 
ing of a closed complex n form and a symplectic form lv. We show 
that a certain pair (Q, u) defines a Calabi-Yau metric ( Ricci-flat Kahler 
metric) on X. Hence the deformation space of Calabi-Yau metrics on X 
arises as the deformation space of such pairs of closed forms (H, u) (see 
section 4-2 for precise definition of Calabi-Yau structures ). In section 1, 
we discuss a general deformation theory of geometric structures defined 
by closed differential forms. Let Y be a real n dimensional vector space. 
Then we consider the linear action p o^ G =GL(Y) on the direct sum of 
skew-symmetric tensors. 


p: GL(y) ^ e'=iEnd(A'’'y*). 

Let — (01,02’ ■ ■ ■ ) t*e an element of V*. Then we have 
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the G-orbit O = 

0*0 (V) = { p,K = (P9<I>1 ■ ■ ■ . P9<I>'D 6 ®'=i A!>‘ K* 15 e G }. 

Then the orbit O = is regarded as a homogeneous space G/H, 
where H is the isotropy group. If the isotropy group H is a subgroup of 
the orthogonal group 0{V) for a metric gy on V, we call O an metrical 
orbit. Let X be a real n dimensional compact manifold. Then we define 
a homogeneous space bundle Ao{X) ^ X by 

Ao(x) = IJ o^yyx). 

x^X 

Then we define So{X) to be the set of global sections r(X, Ao{X)). The 
moduli space DJlo{X) is defined as the quotient 

OJloW = Slo(X)/Diffo(X), 

where ^ 

OHo (^) = { ^ G ^iX) I = 0 } 

and Diffo(X) denotes the identity component of diffeomorphisms of X. 
Let be an element of 311^ (X). Then we shall obtain a deformation 
complex (see section 1): 

r{E^) r{E^) > ••• 

If #$o is an elliptic complex, the orbit O is called an elliptic orbit (see 
definition 1-1). As we shall show that this complex is a subcomplex 
of the direct sum of de Rham complex (for simplicity we call this the de 
Rham complex): 

r{E^) > r{E^) — r{E^) > • 

• •• —^ r(©,AP^-i) —^ r(©iAPO —^ r(©iAP^+i) —^ • 
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Hence we have the map from the cohomology group of the complex 
^$0 to the cohomology group of the de Rham complex: 

If the maps and p^ are respectively injective for any G 371c.(X) on 
every compact n dimensional manifold X, we call O a topological orbit. 
Then we have the following theorems: 

Theorem 1-8. If an orbit O is metrical, elliptic and topological, then 
the corresponding moduli space DJl^{X) is a smooth manifold. ( In par¬ 
ticular 371(3 (X) Hausdorff .) Further DJl^{X) has canonical coordi¬ 
nates given by an open ball of the cohomology group iP-fjf^). 

Since de Rham cohomology group is invariant under the action of 
Diffo(X), we have the map 

% 

Then we have 

Theorem 1-9. If an orbit O is metrical, elliptic and topological, then 
the map P is locally injective. 

Further under the assumption that O is metrical, elliptic and topo¬ 
logical we have 

Theorem 1-11. Let 37lc.(X) be the set of closed elements of S. We 
denote by Diff(X) the group of dijfeomorphisms of X. There is the action 
o/Diff(X) on37lc>(X). Then the quotient ‘TKo^X)/Y)\S.[X) is an orbifold. 

In order to obtain these theorems, we study the problem of obstruc¬ 
tion to deformations in our situation. So{X) is regarded as a infinite 
dimensional homogenous space (a Hilbert manifold). Hence we have 
the tangent space T^oSo{X) of So{X). We denote by H the Hilbert 
space consisting of closed forms in Then the space 371c. (X) is 

the intersection between the Hilbert space H and the Hilbert manifold 
8o{X). We define an infinitesimal tangent space of DJlo by the intersec¬ 
tion 7i n T^oSo{X). Then we shall discuss if the infinitesimal tangent 
space is regarded as the tangent space of actual deformations. 
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Definition 1-6. A closed element G S{X) is unobstructed if there 
exists an integral curve in DJlo{X) for each infinitesimal tangent 

vector OL G 7inT^oEo{X) such that 


d 

dt 


^t(a)|t=o = a 


An orbit O is unobstructed if every G DJlo{X) is unobstructed for 
any compact n dimensional manifold X 

We shall prove the following criterion in section 2. 

Theorem 1-7 ( Criterion of unobstructedness). We assume that 
an orbit O is elliptic (see definition 1-1 in section one). If the map 
p‘^: {X) is injective, then is unobstructed ( see 

section 1 forp^). 

At first we try to construct a deformation of calibrations as a for¬ 
mal power series in t. Then we enconnter obstructions to deformation 
of calibrations. A primary obstruction is discussed in subsection 2-1, 
which is given by a generalization of the Nijenhuis tensor (see subsec¬ 
tion 2-0). If the primary obstruction vanishes, then we have the second 
obstruction. Successively we have higher obstructions to deformations. 
Explicit description of higher obstructions are given in subsection 2-2. 
In subsection 2-3, we prove our criterion of unobstructedness (Theorem 
1-5). If the criterion holds, then all obstruction vanish simultaneously. 
Hence we have a deformation of calibrations as a formal power series 
in t. Further we prove the power series uniformly converges. Section 3 
is devoted to prove main theorems. Our discussion is based on [7] and 
[22]. We have a smooth family of closed forms S^o , which is given by the 
deformation space in section 2. The injectivety of the map p^ is essential 
to show that <S$o gives coordinates of the moduli space 37lci(A) in sub¬ 
section 3-2. We also obtain the Hausdorff property of the moduli space 
in subsection 3-3. We will give the proof of theorems in subsection 3-4. 
In section 4, 5, 6 and 7 we shall show that Calabi-Yau, HyperKahler, G 2 
and Spin(7) structures are metrical, elliptic and topological respectively. 
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In section 4-1 we define an SLn{C) structure as a certain complex form 
Q, which defines the almost complex strnctnre Ifi with trivial canonical 
line bnndle. Then the integrability of the almost complex strnctnre Iq 
is given by a closeness of the complex differential form O. We show that 
the orbit of SL„(C) strnctnres is elliptic and satisfies the criterion. In 
section 4-2, we define a Calabi-Yau structure as a certain pair consisting 
SL„(C) strnctnre and a real symplectic form cc. Then we prove that 
the orbit corresponding to a Calabi-Yau structure is elliptic and topologi¬ 
cal. Hence we obtain the smooth moduli space of Calabi-Yau structures. 
A reference of Calabi-Yau manifolds is [1]. Our primary obstruction 
of SL„(C) structures corresponds to the one of Kodaira-Spencer the¬ 
ory. Then our result is regarded as another proof of unobstructedness 
by using calibrations. Our direct proof reveals a geometric meaning of 
unobstructed deformations. ( we do not use Calabi-Yau’s theorem to 
obtain a smooth deformation space of Calabi-Yau structures). It must 
be noted that Kawamata and Ran give algebraic proof of unobstructed 
deformations.)[16],[23]. In section 5, we show the orbit corresponding to 
a HyperKahler structure is also elliptic and topological. In section 6 and 
7 we discuss G 2 and Spin (7) structures respectively. 

§1. Moduli spaces of calibrations 

Let Y be a real vector space of dimension n. We denote by A^V* the 
vector space of p forms on V. Let pp be the linear action of G =GL(Y) 
on APy*. Then we have the action p of G on the direct sum 0^ V* 
by 

p: GL{V) ©tiEnd(APW*), 

P ~ {PPI 5 ■ ■ ■ 5 Ppi)- 

We fix an element = (0°, 02C • • 5 0?) ^ A^* V* and consider the 

G-orbit O = through 4>° : 


= {^v = PgK e 0^ V*\geG} 
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The orbit can be regarded as a homogeneous space, 

0*0 = G/H, 

where H is the isotropy group 

H = {geG\pg-S>l = -S>l}. 

We denote by Ao{V) = AiV) the orbit (9$^ = G/H. The tangent space 
E^iy) = Ti^i^Aiy) is given by 

{V) = T^o^A{V) = {e ®i A*’- y* K e 0 }, 

where p denotes the differential representation of 0 . The vector space 
E^iy) is the quotient space g/i). We also define a vector space E^y) 
by the interior product, 

E^y) ={ = {iyl • • •, iyf) e w | n e y}. 

E‘^y) is define as a vector space spanned by the following set, 

E^y) = Span{ a A G ©i AP*+^ | a G aV*, G E^y) }. 

We also define E^y) for /c > 0 by 

E^y) = Span{ (3 A G ©^ W | /? G G E^y) }. 

Let{ei, • • • , Cn} be a basis of V and {9^, ■ ■ ■ , } the dual basis of V*. 

Then we see that is written as 

P(K = 

ij 


where ^ and Zgi denotes the interior product. Hence we 

have the graded vector space Ey) = ®kE^y) generated by E^y) over 
A*H*. Then we have the complex by the exterior product of a nonzero 
u G H*, 
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Definition 1-1 (elliptic orbits). An orbit is an elliptic orbit if 
the complex 


E^{y) e^{V) > E‘^{V) 


Au 

-> • • • . 


is exact for any nonzero u G V*. In other words, if a A u = 0 for 
a G E^iy), then there exists (3 G E^~^(y) such that a = (3 A u for 
k = 1,2. 

Remark. If aAu = 0, then we have a = f3Au for some (3 G since 

the de Rham complex is elliptic. However [3 is not an element of E^(V) 
in general, (Note that E^fV) is a subspace of For instance, 

we take as a real symplectic form cc on a real 2n dimensional vector 
space V. Then = A^ and = A^. Hence is elliptic. However 
if is a degenerate 2 form on V, i.e., = 0, then is not elliptic. 

Definition 1-2(metrical orbits). Let 0.^0 be an orbit as before. An 
orbit is metrical if the isotropy group H is a subgroup of 0{V) with 
respect to a metric gy onV. 

Let X be a compact real manifold of dimension n. We define AoiT^X) 
by using an identification h: TxX = V. The subspace Ao{TxX) C 
0i A^* TfX is independent of a choice of an identification h. Hence we 
define the G/E—bundle A{X){= Ao{X)) by 


Ao{X) = [jA(yX)^X. 

xeX 


We denote by S{= S{X)) the set of C°° global sections of A{X), 


S{X) = V{X,A{X)). 

Let be a closed element of S. Then we have the vector spaces 
E^(TxX) for each x E X and k > Q. We define the vector bundle 
E^(= E^) over X as 


G := U E'‘{yx) X. 

xex 
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for each k > 0. (Note that the fibre of is g/f).) Then we define the 
graded modnle r(E) over r(A*) as where T denotes the set of 

global sections and is the sheaf of germs of smooth p forms on 

X. 

Theorem 1-3. r(E) is the differential graded module in 
with respect to the exterior derivative d. 

Proof. Since r(E) is the graded modnle generated by r(E°), it is snffices 
to prove that diy^^ is an element of r(E^) for v G r(rX). We denote 
by Diff(X) the group of diffeomorphisms of X. Then there is the action 
of Diff(X) on differential forms on X and we see that S{X) is invariant 
under the action of Diff(X). An element of r(E'^) is given as = 
(A01, • • • ,iv4>i), where v G r(rX). Since is closed, we have 

The vector field v generates the one parameter group of transformation 
ft- Then Since S{X) is invariant under the ation 

of Diff(X), G S{X). Since the tangent space of S at is r(E^), 

G r(E^). Hence diy^^ G r(E^). From definition of E^(V), we see 
that da G r(E^) for all a G T{E^-^) for all k. □ 

Then from theorem 1-3, we have a complex ff^o 

(#4.0) r(E0) > r(Ei) > r(E2) > •••, 

where r(E*) is the set of C°° global sections for each vector bundle and 
di = dl^i for each z = 0,1, 2. The complex ff^o is a subcomplex of the 
direct sum of the de Rham complex (For simplicity, we call this complex 
the de Rham complex): 

F(E0) > F(Ei) > F(E2) 

••• —^ F(©,AP^-i) —^ F(©iAP0 —^ F(©iAP^+i) —^ •• 
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If O is an elliptic orbit, the complex is an elliptic complex for all 
closed G on any n dimensional compact manifold X ( Note that 
the complex in definition 1-1 is the symbol complex of ). Then 
we have a finite dimensional cohomology group of the elliptic 

complex 7 ^$o. Since is a subcomplex of deRham complex, there is 
the map from the cohomology group of the complex to de Rham 
cohomology group: 

i 

where 

ff*^(#^ 0 ) = {a e r{E'=)\dka = o}/{df3\f3e r{E'=-^)}. 

Definition 1-4 (Topological calibrations and topological orbits). A 

closed element G S(X) is a topological calibration if the map 

p ’‘: -^'‘(#4,0) —> ») 

i 

is injective for k = 1,2. An orbit O in 0^ V* is topological over a 
manifold X if any closed element ofS{X) is a topological calibration. An 
orbit O is topological if O is topological over any compact n dimensional 
manifold X. 

Lemma 1-5. Let O be a metrical orbit and an element of S = 
T{X, A(^{X)). Then there is a canonical metric g^oon X corresponding 
to each 

Proof. The orbit O is defined in terms of 4>y G 0i V* on V. We also 
have 4>^(a;) G A{TxX) on each tangent space TxX. Let Isom(R, 
be the set of isomorphisms between V and TxX. Then define Hx by 

Hx = {he Isom(R, TxX) \ = h*^^{x) }. 

Then we see that Hx is isomorphic to the isotropy group H. h^^^gv defines 
the metric on the tangent space TxX for h G Hx- Since is a subgroup 
of 0(R), the metric h^gy does not depend on a choice of h G Hx- □ 
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Let O be an orbit in 0^ V* . Then we define the modnli space 

{X) by 

OTo(X) = {$ e £|(i$ = 0}/Diffo(X), 

where Diffo(-^) is the identity component of the gronp of diffeomor- 
phisms for X. We denote by the set of closed elements in S: 

MoiX) = {^e S{X)\d^ = 0}. 

We have the natnral projection tt: DJl^{X) DJl^{X). Let be an 
element of dJl^{X). As we shall show in section 2, S{X) is regarded as 
a infinite dimensional homogenous space (a Hilbert manifold). Hence 
we have the tangent space T^oS{X). We denote by 7i the Hilbert space 
consisting of closed forms. Then the space DJlo{X) is the intersection 
between the Hilbert space Ti and the Hilbert manifold S{X). We define 
an infinitesimal tangent space of Dyto by the intersection TiOT^oS. Since 
T^oS{X) = E^, the infinitesimal tangent space is written as 

nnT^oS{X) = nr]E\ 

Then we shall discuss if the infinitesimal tangent space is regarded as 
the tangent space of actual deformations. 

Definition 1-6. A closed element G S{X) is unobstructed if there 
exists an integral curve ^t(a) in 37l(X) for each a E Tin E^ such that 

^^t{a)\t=o = a 

An orbit O is unobstructed if any G dJlo^X) is unobstructed for 
any compact n dimensional manifold X. (see section 2 for the precise 
statement with respect to Sobolev norms.) 

The following figures (i),(ii) and (iii) explain our situation well. If the 
Hilbert space TY is in a generic position, the intersection 3Il(X) = £^n7-f is 
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smooth and every element is nnobstrncted (see fignre (i)). However 
if is in a special position, 37l(X) may be singnlar. (see fignre (ii)). 
Then the infinitesimal tangent space may not gives actnal deformations. 
In fignre (ii), the point p is singnlar and the infinitesimal tangent space 
at p coincides with Ti. Fignre (hi) shows this problem is snbtle. The 
intersection is a line and it seems to be non-singnlar. However the 
infinitesimal tangent space is Ti at each point, which is obstructed. 


figure(i) figure(ii) figure(iii) 


We shall prove the following theorems in section 2. 

Theorem 1-7 ( Criterion of unobstructedness). We assume that 
an orhit O is elliptic. If the map p‘^: is injec¬ 

tive, then is unobstructed. 

We shall prove the following theorems in section 3. 
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Theorem 1-8. If an orbit O is metrical, elliptic and topological, then 
the corresponding moduli space DJl^{X) is a smooth manifold. ( In par¬ 
ticular DJl^{X) is Hausdorff .) Further DJl^{X) has canonical coordi¬ 
nates given by an open ball of the cohomology group lP-{^<^). 

Since de Rham cohomology group is invariant under the action of 
Diffo(X), we have the map 


Then we have 

Theorem 1-9. If an orbit O is metrical, elliptic and topological, then 
the map P is locally injective. 

Further under the assumption that O is metrical, elliptic and topo¬ 
logical we have 

Theorem 1-10. Let I{^) be the isotropy group, 

/($) = {/eDifIo(Jf) I/•$ = $}. 

Then there is a sufficiently small slice S^o at such that the isotropy 
group I{^^) is a subgroup of I{^) for each $ G S,^o,i.e., 

/($0) C /(^). 

(Our definition of the slice will be given in section 2 and 3.) 

Theorem 1-11. Let DJlo{X) be the set of closed elements of S^. We 
denote by Diffo(X) the group of dijfeomorphism of X. There is the 

action o/Diffo(X) on DJloiX). Then the quotient 37lc.(X)/Diffo(X) is 
an orbifold. 
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§2. Deformations of calibrations 

§2-0 Preliminary results. Let X be a manifold and we denote by 
A* the differential forms on X. Let P be a linear operator acting on 
A*. Then the operator P:A*^A*isa derivative if P satisfies the 
followings: 

P(s + t) =P(s)+P(t), 

P(s At) = P(s) A t + s A P(t), 

where s,t E A*. An anti-derivative Q is also a linear operator defined 
by the following: 

Q{s + t) = Q{s) + Q{t), 

Q{s At) = Q{s) A t + A Q{t), 

where |s| denotes the degree of a differential form s. Then the exterior 
derivative d is the anti-derivative and the differential representation pa 
is a derivative for each a GEnd(rX). 

Lemma 2-0-1. The commutator [paid] = Pa ^ d — d o p^ is the anti- 
derivative. We denote hy La the commutator [pa-,d]- 

Proof. In general the commutator of a derivative P and an anti-derivative 
Q is an anti-derivative if Q preserves degrees of differential forms. 

The operator La is regarded as a generalizations of the Lie derivative. 
Indeed we have 

Lemma 2-0-2. The commutator La is expressed as 

La - 


Lap{uQ,Ui, 



n 

^(-l)*Pa^.?7(u0,Ui, 

i=0 


Ufi 


) 


5 


i<j 


Ufi 


) 


5 




TOPOLOGICAL CALIBRATIONS 


15 


where rj is an n form and a EEnd{TX) maps a vector Ui to aui E TX 
and we denote hy Lam ordinary Lie derivative. 

Proof. It is sufficient to show the lemma with respect to vectors {ui} 
satisfying [ui,Uj] = 0. Then we have 

{padrfjiuQ, ■■■Un) = '^{-iy{iamdr])iuo,--,Un) 

i 

{dpar]){u0: ■■■ ,Un) = - ^ 1)* (dZani 1?) (^0, ' ' ', lln) • 

i 

Hence from Lam — diam + iamd, we have the result. 

we also have a description of the commutator between La and 

Lemma 2-0-3. 

[LaiPb] — 'i'N{a,b) Labi 

where a, h GEnd(rX) = 0 T and a tensor N{a, b) E <S>T is given 

hy the following 

N{a, b){u, v) =ab[u, n] + ba[u, n] + [au, bv] — [av, bu] 

—a[bu, n] + a[bv, u] — b[au, n] + b[av, u], 

foru,v E TX, and iN{a,a) zs the composition of the interior product and 
the wedge product of the tensor N{a, a) E A^ ®TX. 

Remark. The tensor N{a, b) is a generalization of the Nijenhuis tensor. 

Proof of lemma 2-0-3. For a, b GEnd(rX), we have the tensor N{a, b) G 
® TX. Then iN{a,b) E the linear operator from A* ^ We 

see that iN{a,b) E an anti-derivative. By lemma 2-0-1, Lab is an anti- 
derivative, where ab denotes the composition of endmorphisms. As in 
proof of lemma 2-0-1, the commutator [La,Pa\ is also an anti-derivative. 
Hence it sufficient to show that the identity in lemma 2-0-3 for functions 
and 1 forms. For a function /, we have [La,Pa\f = ~PaLaf = —La^f- 
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Since iN{a,b)f = 0, we have the identity. For a one form 9 by lemma 
2-0-2, we have 

LaPb9{u,v) ={Laupb9){v) - {Lavpb9){u) ^ pb9{pa[u,v\) 
=au{pb9{v)) — av{pa9{u)) 9{ba[u, n]) 

—pt,9{[au, n]) -|- pt,9{[av, u]). 

PbLa9{u,v) ={La9){pbU,v) + {La9){u,pbv) 

= {Labu9){v) - {Lav0)ipbu) + 9{a[bu,v]) 

+ {LauO){pbv) - {LabvO){u) + 9{a[u,bv]) 

= {abu){9v) — {av){9{bu)) 9{a\bu,v\) 

—9{[abu^ n]) 9{[av, bu]) -|- 9{a[u^ bv]) 

-\-{au)9{bv) — {abv)9{u) 

—9{[au, bv]) 9{[abv, a]) 

Hence the commntator is given by 

[La, Pb]0{u,v) = — {abu){9v) 9{[abu,v]) + {abv)9{u) — 9{[abv,u\) 

-\-0{ba[u, n]) -|- 9{[au, bv]) — 9{[av, bu]) 

—9{a[bu, n]) -|- 9{a[bv, u]) — 9{b[au, n]) -|- 9{b[av, u]) 
Lab^iu,^) “1“ '^N{a,b)^ 

□ 

Lemma 2-0-4. We assume that 4> and pa^ are closed forms respec¬ 
tively. Then dpaPa^ is clti element o/r(£'^). 

Proof. 

dpaPa^ =Padpa^ - Lafa^ = -Lafa^ 

= “ PaLa^ — iN{a,a)^ + 
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Since La^ = Pad^ — dpa^ = 0, we have 

dpaPa^ = -iN{a,a)^ + La^^- 

Since N{a,a) G 0 T = A^(8)End(rX), then it follows from onr defini¬ 
tion of that 

^iV(a,a)^ e r{E^). 

Since 1/^2$ = —dpa^^ G dT{E^) C r(E'^). Hence we have the result. □ 

We denote hy G = G{a,a) the operator iN{a,a) ~ La^- Then we 
consider the commutator [pa,G(a, a)]. For simplicity we write this by 
Adp^G{a,a){= Ad^^G), 

Adp^G{a,a) = [pa,G{a,a)]. 

The kth composition of commutator is denoted by 

~ [Pat ■ ■ ■ [Pat G(^cl, a)], •••]], 

where Adp^G(a, a) acts on differential forms. 

Lemma 2-0-5. Ad^^G{a,a)^^ is an element ofr{E‘^). 

Proof. At first we consider Ad^^G(a, By lemma 2-0-3, we have 

Adp^G{a, a)d>° =[pa, G{a, a)]$^ 

= [/0aAiV(a,a)]^° - [pa,T„2]$° 

= [pa, ^iv(a,a)]^° + G{a‘^, a)^°. 

Since N{a‘^,a) G A^0End{TX), as in lemma 2-0-4, G(a^,a)4>° is an 
element of r(£'^). We see that [paAjv(a,a)] is give by the interior prod¬ 
uct of the tensor pa{N{a,a)) G A^(8)End(rA), where pa acts on the 
tensor N{a,a). Hence [paAjv(a,a)]T° is an element of r(E'^). Therefore 
Adp^G{a,a)^^ G r(E'^). By induction, we see that Ad^^G(a, a)4>'^ is an 
element of r(E'^). □ 
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§2-1 Primary obstruction. In this section we use the same notation 
as in section 1 and subsection 2-0. The references for analytic tools are 
found in [7],[9],[18],and [19]. Let X be a real n dimensional compact 
manifold. We fix a Riemannian metric g on X. (Note that this metric 
does not depend on calibration $.) We denote by C'°®(X, A^) the set of 
smooth p forms on X. Let L‘^{X, A^) be the Sobolev space and suppose 
that s > /c + ^., i.e., the completion of C°^{X, A^) with respect to the 
Sobolev norm || ||s, where k is sufficiently large ( see [9] for instance). 
Then we have the inclusion Lg(X, A^) —> C^{X, A”). We define Ss by 

(2-1-1) Ss = c'‘{x,Ao{X)) n 

Then we have 

Lemma 2-1-1. Eg is a Hilbert manifold (see [19] for Hilbert manifolds 
). The tangent spaee T^oSg at is given by 

T^aSs = Ll(X, E^). 


Proof. We denote by exp the exponential map of Lie group G =GL(n, M). 
Then we have the map kx 

( 2 - 1 - 2 ) kx-. E\TxX) A{TxX), 

by 

(2-1-3) kxip^^^ix)) = Pexp^^°(T). 

for each tangent space TxX. From 2-1-2, we have the map k 

(2-1-4) k: LliE^)^8s, 

by 

k\E^{T^X) = kx- 
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The map k defines local coordinates of 8s. □ 

Let GL(rX) be the group of gauge transformations, i.e., for g GGL(rX) 
we have the diagram: 

TX —^ TX 



An element g GGL(rX) acts on 8o{X) by 

The tangent space T^o8{X) is given by E^{X), 

E^{X) = { I a G EndiTX) } 

where p is the differential representation of p. We denote by H(rX) 
be the gauge transformations with structure group H, i.e., the isotropy 
group. Then by lemma 2-1-1, 8 is regarded as the infinite dimensional 
homogenous space GL(rX)/H(rA). Let 7i be the closed subspace of 
lAP^) consisting of closed forms. Then Olls(X) is the intersec¬ 
tion between 8 and Ti. The image dE^{X) is given by 

dE^{X) = { diy^^ = I n G TX }, 

where Ly is the Lie derivative with respect to v G TX. Hence the co¬ 
homology H^(#) of the complex is considered as the infinitesimal 
tangent space of the moduli space Oll(X) = 31l(X)/Diffo(-A). However, 
the moduli space may not be a manifold in general. This is because the 
infinitesimal tangent space may not be exponentiate the actual defor¬ 
mations. Then there exists an obstruction. This is a general problem of 
deformation. In our situation, we must study the intersection 8 r\Ti. In 
order to obtain a deformation space, we shall construct a deformation of 
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in terms of a power series in t. We consider a formal power series in 
t: 

(2-1-5) a{t) = ait + H-£ End{TX)[[t]], 

where at E End {TX). We define a formal power series g{t) by, 

g{t) = expa(t) G GL{TX)[[t]] 

For simplicity, we pnt a = a{t). The gauge group GL(rX) acts on dif¬ 
ferential forms by p. This action p is written in terms of the differential 
representation p, 

+ -^PaPa^*^ + -^PapaPa^^ + • • • 

( 2 - 1 - 6 ) + —{Pa2^^ + PaiPai^^)^^ + • • • , 

where p is just written as 

OO ^ 

k=l 

The equation what we want to solve is , 

(eq^) dpg^t)^^ = 0. 

We must find a power series a = a{t) satisfying the condition (eq>,= ). At 
first we take ai such that = 0. Then it remains to determine 

( 22 , ^ 3 , • • • satisfying (eq>^). is written as a power series. 


(2-1-7) 
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where Rk denotes the homogenous part of degree k. Hence the equality 
dpg{t)^^ = 0 is reduced to the system of infinitely many equations 

(Gqfc) dRff^ 0 , k 

By our assumption = 0, we already have dRi = 0 (see (2-1-6)). 

Thus in order to obtain a{t), it suffices to determine ak satisfying (eq^) 
by induction on k. By (2-1-6), the term of the second order dR 2 is given 
as 

(2-1-8) dR2 = i + dpa^pa^^^) 

We denote by Ob 2 {ai) the quadratic term, 

(2-1-9) Ob2{ai) = ^{dpa^pa^^^) 

Then by lemma 2-0-4 in section 2-0, O 62 is an element of which 

is explicitly written as 

(2-1-10) Ob2{ai) = -^(-iw(ai,ai) + 

Since Ob 2 {ai) is a d-closed form, this defines a representative of the 
cohomology group In order to determine a 2 satisfying dR 2 = 0, 

we must solve the equation, 

(e^ 2 ) ^dpa^^^ = -Ob2{ai). 

The L.H.S of ( 0 ^ 2 ) cohomologically vanishes in H^(#). Hence if the class 
[ 062 ( 01 )] C does not vanishes, there exists no solution a 2 of eq 2 

and no deformation with ai. In this sense we call the class [ 062 ( 01 )] 
the obstruction to deformation of ( the primary obstruction ). If 
[ 062 ( 01 )] vanishes, then we have a solution a 2 by 

(2-1-11) = -<G#(062(ai)). 

where denotes the Green operator of the complex It is quite re¬ 
markable that the representative 062 ( 01 ) is d-exact form. Hence 062 ( 0 ) 
is in kernel of the map 0^47^*"^^(X). Hence we obtain a 

nice criterion of unobstructedness. 
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Theorem 2-1-2. If the map p‘^: is injective, 

The obstruction class [062(^1)] vanishes. 

§2-2 Higher obstructions 

Similarly we obtain infinitely many obstrnctions to deformation of 
We define an operator G{a, a) on A* by 

( 2 - 2 - 1 ) G{a,aj 'lN(a,a) 

where a = a{t) GEnd(rX)[t]. We denote its kth homogenous part by 
G{a,a)k- Then by lemma 2-0-4, we have 

( 2 - 2 - 2 ) Ob2iai) =-^G{a,a)2. 

We assume that ni, 02, •' ' cik-i are determined satisfying dRi = 0, dR2 = 
0, • • • , dRk-i = 0. Then dRk is written as a d-exact form: 

k 

(2-2-3) = + 

1=2 

where {dp^jk denotes the k th homogeneous part of We define 

Obk{a<k) ^^Y!i =2 Tr(c^A)fc$°, where a<fc = aitT^a 2 t^I - Vj^^ak-it^ 

Then we have 

Proposition 2-2-1. 


dRk = ydpa^^^ + Obk{a<k), 

where Obk is written as 

= {f{Ad^JG{a,a)),<!>» 


5 
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where f{x) is a convergent sequence, 


(2-2-3) 


fix) 


1 


3!^ 4!^ 


,-x 


X 


1 ^ X 

2 


and is the adjoint operator [pa-, ]• Substituting Adp^ into f{x), we 

have an operator f{Ad^^). The higher obstruction Obk consists of com¬ 
mutators. Hence Obk = ifiAdp^)G{a,a))k^^ is essentially the interior 
product of in terms of the tensors of type hS <S>T. Hence we see that 

06 fc(a<fc) G . 

Proof. In the case k = 1 we have the proposition. We shall prove the 
proposition by indnction on k. We assume that proposition holds for all 
I < k. Then we have 


(2-2-4) dRi = -{La)i^^ + (/(AdpJG(a, a))^ 


We put iLa)<k as 


(Aa)<fe 


k-1 


1=2 


If dRi = 0 {I < k), from our assumption we have 


(L„)<.^o = -(/(Ad^JG(a,a))^,^o 

= (-^GiT a) + ^[Pa: G{a, a)] - ^[pa, [pa, G{a, a)]] 


¥ 


<k 


k 

^(-l)'-ihAd'yG(a,a)),,<I'' 

1=2 


(2-2-5) 
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Then by using lemma 2-0-3, we have 

k 

1=1 

= - - ^(G(a, a) + 

~((j(n,n)pa T ‘2paG(^Q,, T 3paPaLa)k^ 

CljPaPa T ‘^PaGifli Cl)pa T ^PaPaGifl-, q) T 4:P(iPq^Pq^Ij(i^ 

( 2 - 2 - 6 ) 


Since the degree of a = a{t) is greater than or equal to one, we have 

(2-2-7) (p-L,)fc = ipTiLa)<.)k: 

for a positive integer m. Hence from (2-2-7), we substitute (2-2-5) into 
(2-2-6) and we have 

d{/3e4f=^“ = - iG{a,a)fe$“ 

“ ^2(pa(- —G(a,a) + —Adp^G(a,a) H ))fc^° 

- ■i(G(a, a)pa + 2paG{a, a))k^^ - ^^3{papa{-^^G{a, a) H-))fc^°- 
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Then we calculate each homogeneous part with respect to a and we have 
d(Pe<‘)k^‘^ = -(La)k^‘^ - iG{a,a)fe$“ 

2 2 1 n 

+ {i^^PaG{a,a) - —paG{a,a) - —G{a,a)pa)k^ 

2 3 

+ (-^/3a[pa,G'(a,a)] + ^^papaG{a,a))k^^ 

+ — (—(j(a, a)Papa ~ 2paGG{a, a)pa — 3paPaG{a, a)))k^^ + • • • 

= - iLa)k<S>° - iG(a,a);t$“ + L[p<..G(a,«)],-$“ 

1 —2 2 —3 3 2 

+ i~^G{a, a)papa + + -^^^)PaGpa + PapaG)k^^ + 

= - (Ta)fc^° - ic?(a,a)fc^° + i[pa,G(a,a)]fc^° - i[pa, [pa, G(a, a)]]fc^° + • 

k 

= - (£„),$» + ^(-l)'-dAd'f G(a,a),$“ 

1=2 

□ 


We determine a/e such that 


{eqk) 


k\ 


dpak^^ 


Gba iflcZk) 


In order that there exists a solution of eqk, it is necessary that [Ohk] = 
0 G If [Ohk] = 0, we define ak by 


( 2 - 2 - 8 ) 


1 . 



-(i;G#(Oftfc(«<fc))- 


Since Obk{a^k) is d-exact, then we also have a criterion, 

Theorem 2-2-2. If is injective, then Obk{a^k) vanishes for all k. 

Thus we construct a power series a{t) satisfying = 0. Next 

we must prove that this power series a{t) converges for sufficiently small 
t. 
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§2-3 THE CONVERGENCE 

We rewrite definition 1-6 by using the Sobolev norm. 

Definition 1-6. A closed element G Ss{X) is unobstructed if there 
exists an integral curve in 31ls(X) for each a E Ss ATi such that 

^^t{a)\t=o = a 

An orbit O is unobstructed if any G is unobstructed for every 

compact n dimensional manifold X 

The rest of this subsection is devoted to the proof theorem 1-7 ( 
criterion of unobstructedness). Our method is similar to the one of the 
Kodaira-Spencer theory. (See the extremely helpful book by Kodaira 
[18] for technical details.) 

Proof of theorem 1-7. We already have a formal power series a{f) such 
that 

dpgit)^^ = 0 . 

Hence it is sufficient to prove that a{t) uniformly converges with respect 
to the Sobolev norm || ||s. Since {La)k^^ = = ~dpak^'^ and 

dRk = 0, tt/e satisfies 

(2-3-1) -fdpa,^'' = Obk. 

As in section 2-2, Obt is an element of r(E'^). Obk is also written as 

(2-3-2) Oh = ^dpl,,<S^o + ■■■ + 

By (2-3-2), we see that Obk is an exact form. Hence if the map 
®iH'P^^^{X) is injective, then the class [Obk] £ vanishes. Hence 

we obtain a solution of the equation (2-3-1) by 

= -d;G#(OftC e E\ 


(2-3-3) 
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We assume that ak belongs to the orthogonal complement of the Lie 
algebra of the isotropy group H. Hence ak is defined uniquely by Pak^^ 
and we have the estimate 


(2-3-4) l|a/cll. = C'i||p„,$'>|U 

Hence by (2-3-3), we have a formal power series, 

OO ^ 

k=l 


Given two power series P{t) = 
for all /c, we denote it by 


Lt if Pk < gk 


P{t) < Q(t). 


We denote by {P)k the homogeneous part of degree k of P{t). Let A{t) 
be a convergent series given by 


A{t) 


h 

16c 


OC 


E 




with 6 > 0, c > 0. b and c will be determined later. As regards A{t) we 
have the following inequality (see section 5-3 in [18]), 

Aity«ily-^Ait). 

Fix a natural number s. We shall show by induction on k if we choose 
appropriate large b and c. 


( ) ||a<fc||s < ^(t), 

where ||a<fc||s = j\\Wi\\st^ We assume ^k-i holds and make an 

estimate ||afc||s- By (2-3-3) we have the inequalities for constants C 2 , G3, 

=Ci^ll/5o,<I>“|U = Ci||(i;G#(Oft,)|U 
<G2||G#(0(.fe)|U+i < CsWObtlU-i 
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By theorem 2-2-1, we have an estimate, 

|| 06 fe||s-i<(^||G(a,a)$°||s_i-|-^ \ \Adp^ G(a,a)$°||s-iH- \ \Ad^^^ ^G(a,a)$°||s-i)^ 

<G4( ^ ||G(a,a) ||s_i-|-^2||a||s_i||G(a,a)||s_i-|— ^ll“lls_il|G(a,a)||s_i)^ 

<G4(/(2||a<fe||s_i)||G(a,a)fc||s_i)fe, 


where f{x) = — 1 — x). We have an estimate of G{a, a). 


(2-3-5) 


||G(a,a)||s_i < C'sllallslla 


Hence by (2-3-5), 


\\Obk\\s-i < Cq f(— + —2||a<fe||s + 


+ yT2'=-'||a 

k\ 


lfc-2 


<k\\s 


a 


<fe II S I 5 
/ k 


where Cq is a constant. By the hypothesis of the induction. 


\\Ob;,\\,_,<Ce{{^ + jr2A{t)+... + ^2'^-^A{t)>^-^)A{tf)^ 

<Ce(Cr + jr2Ait) + i,2^C)A{t)... + ^2>^~\!^J^-^A{t))C)A{t))^ 
=Ce{C,{^)Ait) + ± 2 i^)Ait) + ± 2 ^(^fAit)... + ^ 2 ^-\^)>^-^Ait)))^ 
<Ce^ie^^-l-2p)Ak{t), 

where P = \- We define p by CQ^{e‘^P — 1 — 2p) = 1. Then we obtain 

\\Obk\\s-i < Akit) 


Therefore we have 

k\ 

Since A{t) is a convergent series for sufficiently small t, we see that a{t) 
uniformly convergents. □ 
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Further we assume that 


= 0 , 

dlpa,^^ = 0 , 

where d^ is the adjoint operator and 

0 -> ^ 

We also apply the elliptic regularity to Pg^t)^^• As in our construction, 
we have 


=/3a<i>“ + 1] = 0 

1=2 

dlPa^° = 0 

Hence Pa^^ is a weak solution of an elliptic differential equation, 

OO ^ 

+ dpi-DO) = 0. 

1=2 

where is the Laplace operator of the complex 7 ^. Hence we obtain 

Theorem 2-3-1. If is injective, then there exists a smooth solution 
of the equation (eq^) for all tangent [pa^°] ^ he., There exists 

a smooth form Pexpa(t)^° ^ 37l(X) such that 

(/>expap)^°)' \t=0 = 

§3 Proof of theorems 

In this section we assume that an orbit O G is metrical, ellip¬ 

tic and topological. We shall show that the moduli space DJlo{X) is a 
manifold. 
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§3-1. In this subsection we explain preliminary results, which are related 
to functional analysis on manifolds. Our discussion will heavily depend 
on [7] and [22] and we use the same notation as in section one and two. 
Let X be a smooth n dimensional manifold and F a smooth fibre bundle 
over X. Then we have a Hilbert manifold L^F) consisting of those 
sections of F which in local coordinates are defined by functions square 
integrable up to order s, i.e., Sobolev space L‘^{X). We also define a 
Banach manifold C^{F) by functions C^{X) and for s > /c+ we have 
a smooth inclusion L‘l{F) C C^{F). If we consider the case F = X x X, 
we find that the sections of F are exactly the maps of X to X. Then 
C^{F) is the set of maps from X to X with the topology of uniform 
convergence up to the first derivative. We define C'^Diff(X) by the 
diffeomorphisms: 

(T^Diff(X) = {f eC\F)\ f-^ e C\F) }. 

We denote by C'^Diffo(X) the identity component of C'^Diff(X). Pick 
s + 1 > f + 1. We define Diff5+^(X) by 

Diffy'(X) = CiDiffo(X) nL2+i(F). 

Then DiffQ‘^^(X) is the Hilbert manifold. In section 3 of [7] it is shown 
that DiffQ‘^^(X) is a topological group under the operation of composi¬ 
tion of mappings. Further we have the action A by using pull back: 

A: SsX DiffS+^(X) —> Ss, 

where 8s = C^{A{X)) D ( see 2-1-1 in section two). Then the 

action A is well defined and continuous . For an element $ G we 
define A ^: DiffQ‘^^(X) —> Eg by A^{f) = /*T. This map is continuous. 
Furthermore if $ is smooth, then A^ is also smooth. We define the 
moduli space 3Il(X) consisting of smooth forms as in section one. We 
shall extend this moduli in terms of Sobolev Space. We define OIls(X) = 
Mo AX) by 
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where ^ 

= |d^ = 0}. 

We denote by tt the natural projection 

tt: 5l,(X) — 

§3-2. In section two, we construct the family of smooth closed forms 
parametrized by t, where g{t) = expa(t) is written as 

OO ^ 

“W = Y. 

k=i 

eM'(#4,0). 

Substitute t = 1 into we have a map k, 

k: S<^o OJl(X), 

where S{= 84 , 0 ) is a sufficiently small open set of Let tt be 

the natural projection 3It(X) ^ We define k as 

K = TT o k: S ^ 


Then we shall show 

Theorem 3-2-1. We assume that ^ (BiHP^{X) is injec¬ 

tive. Then k: S ^ 9Il(X) is injective for a sufficiently small open set 
ScH‘(#^o), 

Proof. We denote by S{= <S$o) the image k{S). We call S a slice, which 
is a transversal submanifold for the action of Diffo(X) on 07l(X). Since 
the action of Diffo(X) preserves the de Rham cohomology class, taking 
the cohomology class, we have the map 


P: m(X) 
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The slice is parametrized by an open set S. We denote by P\s 
the restricted map to S. Then the differential dP\s at is given by 

Since is injective, it follows that P\s is 
locally injective. Hence there exists an open set S G such that 

P o k: S —> is injective. We assume that there exists a 

diffeomorphism / G Diffo(X) such that 

= $ 2 ^ 

for some G By taking each cohommology class, we have 

=P{^^). 

Since Diffo(X) trivially acts on cohomology groups, we also have 

= P($i). 

Hence we have 

P($i) =P($2^. 

Since P |5 is injective, we see that Hence k is injective. □ 

Next we shall show that k is surjective: 

Theorem 3-2-2. If we take a sufficiently small open set U^o of 7r{^^) 
in Dyi{X), the map k: S ^ U^o is surjective for an open set S in 11 ^( 7 ^). 

In order to prove theorem 3-2-2, we must explain the completion with 
respect to Sobolev norm and the following lemma 3-2-3 and propo¬ 
sition 3-2-4. Let ^ be a vector field on X. We assume that ^ G 
W(TX)np^, (TX). Then there is the diffeomorphism correspond¬ 
ing to where G DiffQ‘^^(X) (see 3-1). Since Ss{X) is invariant under 
the action of diffeomorphism, we have the action of on Ss{X), i.e., 
^ /|/ 0 ea 4 >°, where a GEnd(rX) and £ ^s{X). Hence there 

exists b^{= bf^) GEnd(rX) such that 


( 1 ) 
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We assume that is smooth with = 0, i.e., C 07l(X). 

Then we shall show that for a sufficiently small a, there exists a vector 
field ^ satisfying 


( 2 ) 


dlpb^ = 0 


Since p is the differential representation of p, Pb^^^ is written as 


(3) 


= Pexp65<i>“ - <t>“ - E 


k>2 


Since Pexp6^^° = and is closed, by using the identity: 

= d o o d, we have 

(4) Pexp6^^^ + • • • , 

=4>° + Pa^° + dzc^° + i4(e,a), 

where H (^, b) denotes the higher order terms with respect to ^ and a. 
Substituting (4) into (3), we have 

(5) = + + 

where W (^, a) denotes the higher order terms. In order to solve the 
equation (2), we need the following estimate of W{^,a) for sufficiently 
small ^ 1 , ^2 and a\ 

Lemma 3-2-3. 


|W"Ki,a) - W'(&.a)|U < £||«i-&IU+1. 


where e < 1 is a constant. 

Proof. We have the action of the diffeomorphism DiffQ(X) by 
(6) Diff5+'(Jf) X LlieiA”') 
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We denote this map by A. Then we have the map ^ Sg 

by A^{f) = f*^ as in section 3-1. Then A^ is smooth if T is smooth. 

From onr assumption £ Oll(X), a is smooth. We identify ^ with 

G Diffo(X). Hence we have 

— ^(^ 2 ,< IM^IIoll^l — ^ 2 |U-M, 

where dA denotes the differential of A, ||dH.||o is the C^— norm of dA. 
Since W is essentially written in terms of A, from (7) we also have 

( 8 ) \\WiCi,a)-WiC2,a)\\s<\\dW\\oU,-C2\\s+i- 

Since the differential of W at the (^, 6 ) = (0, 0) vanishes, we have 

(9) \\WiCi,a)-WiC2,a)\\s<eUi-C2\\s+i, 

where £ < 1 is a constant. Hence by (9), we have the result. 

Proposition 3-2-4. There exists a suffieiently small £ > 0 satisfying 
the following: 

For any ^ 31l(X) with ||a||s < e, there exists a smooth veetor 

field ^ sueh that = 0. 

Proof. Let ^ be a vector field and the diffeomorphism corresponding 
to where ^ G C'^(rX) D X) and G DiffQ'''^(X) as before. We 

shall construct a vector field ^ satisfying the equation (2). By (5), the 
equation ( 2 ) is written as 

( 10 ) a) = 0 . 

We recall the complex #$o: 


(#4>o) 



where dg denotes the adjoint operator of do, G and G E^. 
Then by using the Hodge decomposition of E^, we take ^ such that the 
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harmonic component of vanishes with respect to the complex 7 ^$o. 
Then the equation (10) is equivalent to the following: 

(11) + G^dlpa^^ + G#dlW{i, a) = 0 

where G^ denotes the Green operator with respect to the complex 
Then given a and we shall show that there exists a solution ^ of (11). 
We denote by Ker the subbundle of TX given by 

Ker ^ G TX I = 0 }. 

Let Ker-^ be the orthogonal complement of Ker$° in TX. At first we 
define GKer-^ by 

(12) = -dlG#pa^\ 

Note that since the image of d^ is in , there is a unique vector field 
satisfying (12). Secondly we define ^2 GKer-^ by 

(13) = -G#doPa^^ - G#d*W(6, a)^°. 

Inductively we define GKer-^ by 

(14) = -G#doPa^^ - G#d^W(a-i, a)^°. 

Since GKer-^, we have an estimate 

(15) lkfc||s+i = C'||i^^T°||s+i, 

where G denotes a constant. Then by (14) and the elliptic estimate of 
G^ and dg, we have 

|«fc+i - &ll,+i =||(G#ti5M/(4.a) - G#d5Ty(4-i.a))$‘’|U+i 
<Gi||(Tr(4.a)-Tr(4-i.a))|U 


( 16 ) 
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where Ci is a constant. Hence by lemma 3-2-3, we have 

(17) IK/c+l - -Cfclls+l = - -^fc-llls+l, 

where £ < 1 is a constant. Hence it follows from (17) that the sequence 
{^k} uniformly converges to some ^oo with respect to the norm || ||s+i. 
Then by (14) we see that ^oo is a solution of the equation (11). Hence 
we have a vector field satisfying (2). □ 

Proof of theorem 3-2-2. By proposition 3-2-4, if we define an open set 
U^o by the image: 

= TT ({p.a.s'’ e m(X) | ||a|U < £, }) , 

then there exists a diffeomorphism such that 

daPb^^° = 0 . 

Hence is in the image of k{S). Hence it follows that k is 

surjective. □ 

§3-3. Let O be an orbit in as in section one. Then we have the 

moduli space 31lo(X)(= 31l(X)) as the quotient space 31l(X)/Diffo(X). 

Proposition 3-3-1. We assume that the orbit O is elliptie, metrieal 
and topologieal. Then the quotient DJloiX) is Hausdorff. 

Proof. Since the orbit O is metrical, we have the metric for every 
4> G 8 s{X). Then each tangent space T^Ss{X) C has the 

metric in terms of g^. Hence it gives Ss{X) a smooth Riemannian struc¬ 
ture (see section 4 in [7]). The fundamental property of the Riemannian 
structure on Ss{X) is that it is invariant under the action of DiffQ‘^^(X), 
so that is, DiffQ'''^(X) acts on Ss{X) isometrically. Since ^^^(X) is the 
intersection 7i P Ss{X), we have the induced distance on Olls(X) from 
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the Riemannian structure on Ss{X). We denote by d the distance on 
37le(X) and tt the natural proiection tt: 07le(X) ^ 37ls(X). Then we 
define d(7r(Ti), 7r(T2)) by 

(3-3-1) ti{7r{$i),7r($2))= inf d{r^\ 

/,gGDiff® + bx) 

where G 37ls(X). For simplicity we denote by V the group 

DiffQ‘^^(X). Since the action of DiffQ‘^^(X)(= V) preserves the distance 
d, we have 

(3-3-2) d(7r(^^),7r(^2)) = inf 

f&'D 

Hence we have the triangle inequality , 

(3-3-3) d(7r(T^), 7r(T^)) + d(7r($^), 7r(T^)) 

= inf d(/*$\ + inf d{^‘^,g*^^) 

f&'D gev 

^ inf d{f*^\ =d(7r(^^), 7r(T3)). 

f,g&T> 

We shall show that d induces a distance of 37l(X). We assume that 
the d(7r(T°), 7r($)) = 0 for smooth elements G 97l(X). Then by 

(3-3-1), we have 

(3-3-4) inf d(T°,/*T) = 0. 

/eDiffo(x) 


Hence /*4> is in a small neighborhood ^/^(T®) at 4>°. By theorem 3-2-3 
and proposition 3-2-4, there exists a diffeomorphism such that 

(3-3-5) /j*(/*$“)e5*o, 

where is the family parametrized by an open set of harmonic forms 
IHI^(#$o). We define the distance on IHI^( 7 ^$o) by using harmonic 
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forms in terms of g^o. There is the distance on the direct snm of 
the de Rham cohomology gronps by nsing harmonic repre¬ 

sentations with respect to g^o. Since is injective, 
is isometrically embedded into (0^77^*(X), dndR)- Since is injective, 
we have the injective map 

(3-3-6) P|s: 

Since the differential dP\s' T^oS{= EI^(7^<^o)) — > is isomet¬ 

ric, we have that 

(3-3-7) d($",/ 5 ’(/*$)) > Cd.H T($“),-P (/5 (/*$))) , 

where C is a positive constant. (Note that the distance d restricted to 
the slice S is (locally) eqnivalent to the distance (inq#)-) Since Diffo(X) 
acts on trivially, we have 

(3-3-8) £*($«, /!(/*$)) > (P($“), pm) , 

where C does not depend on / and Hence 

(3-3-9) mf y($“,/*$) > C d,„(P($“), pm)- 


Hence from onr assumption (3-3-4), we have P(4>) = P(4>°). Since P\s 
is injective, 4>° = /|(/*4>). Hence we have 7r(4>) = 7r(4>'^). Hence d is a 
distance on 07l(X). □ 

§3-4 Proof of main theorems. 

Proof of theorem 1-8. Since the orbit O is elliptic and topological, we 
have the slice S^o as coordinates of the moduli space 37l(X) by theo¬ 
rem 3-2-1 and 3-2-2 in section 3-2. Hence 31l(X) is a manifold. Since 
O is metrical, 91l(X) is Hausdorff by proposition 3-3-1 in section 3-3. 
The slice S^o is homeomorphic to an open set of the cohomology group 
H1(#4.o). □ 
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Proof of theorem 1-9. The slice <S'$o is local coordinates of DJlo{X). The 
differential dP coincides with the injective map p^. Hence P is locally 
injective. □ 

Since O is metrical, we have the metric for each ^ E S. Hence the 
metric defines the metric on each tangent space = T^S. Then 
8 can be considered as a Riemannian manifold. Then we see that the 
action of Diffo(X) on S is isometry. Let be the isotropy group of 
Diffo(X) at 

/(^) = {/GDiffo(X)|rT = T}. 

Let S^o be a slice at Then we shall compare /($°) to other isotropy 
group I{^) for ^ G S^o. 

Theorem 1-10. Let I{^^) be the isotropy group o/Diffo(X) at and 
S'<E>o the slice at Then is a subgroup of the isotropy group I{^) 

for each $ G Si^o. ( We take Si^o sufficiently small for necessary.) 

Proof of theorem 1-10. From definition of the slice is invariant 
under the action of /($°). The restricted map P\s^o ■ 0HP*(X) 

i 

is locally injective. Since the action of Diffo(X) preserves each class of 
de Rham cohomology group, we see that the action of I{^^) is trivial 
on the slice for sufficiently small Hence I{^^) is a subgroup of 
the isotropy group for each $ G S^o. □ 

Proof of theorem 1-11. The slice S^o is local coordinates of DJlo{X) 
and the action of Diffo(X) on S is isometry. Hence the moduli space 
37lo(X)/Diffo(X) is locally homeomorphic to the quotient space <S'$o//($'^), 
where is the isotropy. Hence we see that there is an open set V 

of T^oS^o with the action of I{^^) such that the quotient R//($°) is 
homeomorphic to <S'$o//($°). T^oS'^o is isomorphic to H^{ff^o) and the 
action of /($°) on H^{ff^o) is a isometry with respect to g^o. The action 
of /($°) preserves the integral cohomology class. It implies that the im¬ 
age of /($°) is a subgroup of O End (X, Z)), where 

O (H^(#$o)) denotes the orthogonal group. Then we see that E//(T°) 
is the quotient by a finite group. □ 
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§4. Calabi-Yau structures 

§4-l.SL„(C) structures. Let Y be a real 2n dimensional vector space. 
We consider the complex vector space Y 0 C and a complex form O G 
A’^Y* 0 C. The vector space kerO is defined as 

iLer i2 = {vGY0C| = 0 }, 

where iy denotes the interior product. 

Definition 4-1-1 (SL„(C) structures). A complex n form Q is a 
SLn{C) structure on V if dimeKerQ = n and KerQ D KerQ = {0}, 
where KerD. is the conjugate vector space. 

We denote by ^sl(Y) the set of SL„(C) structures on Y. We define 
the almost complex structure Iq on Y by 

^ ^ f if u G Kerft, 

\ if u G Ker^l. 

So that is, Ker O = T^dy ^nd Kerft = T^Ay ^nd O is a non-zero (n, 0) 
form on Y with respect to 1^. Let ff be the set of almost complex 
structures on Y. Then AslO^) is the C*—bundle overY- We denote by 
p the action of the real general linear group G = GL{V) = GL{2n,M) 
on the complex n forms, 

p: GL(Y) —> End (A”(Y 0 C)*). 

For simplicity we denote by A^ complex n forms. Since G is a real group, 
AsL{y) is invariant under the action of G. Then we see that the action 
of G on AsLiy) is transitive. The isotropy group H is defined as 

H = {geG\pgn = n}. 

Then we see H =SL(n, C). Hence the set of SL„(C) structures AsriY) 
is the homogeneous space. 


^^^(Y) = G/H = GL{2n,R)/SL{nX). 
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(Note that the set of almost complex structures J =GL(2n, M)/GL(n, C). 
) An almost complex structure / defines a complex subspace of di¬ 
mension n. Hence we have the map J —>Gr(n, We also have the 

map from to the tautological line bundle L over the Grassman- 

nian Gr(n, removed 0—section. Then we have the diagram: 

Asr^iV) -> AO 

c* 

J -^ Gr(n,A”) 

Asl{V) is embedded as a smooth submanifold in n—forms A'^. This is 
Pliicker embedding described as follows, 

Asl{V) -> AO -> A-\{0 } 

c* 

J -^ Gr(n,C2«) -> CP”. 

Hence the orbit Osl = AshiY) is a submanifold in A” defined by Pliicker 
relations. Let A be a real 2n dimensional compact manifold. Then we 
have the G/H bundle Asl{X) over X as in section 1. We denote by 
8 = Ai. fiiG set of smooth global sections of Asl{X). Then we have the 
almost complex structure A corresponding to H G 8 ^. Then we have 

Lemma 4-1-2. If E 8 ^ is closed, then the almost complex structure 
Iq is integrable. 

Proof. Let be a local basis of r(A^’‘^) with respect to fl. From 

Newlander-Nirenberg’s theorem it is sufficient to show that d9i G r(A^’‘^0 
A^d^ for each 9i. Since ft is of type A”’°, 

A H = 0. 


Since dft = 0, we have 


d9^Aft = 0. 
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Hence dOi G r(A^’'^ 0 □ 

Then we define the modnli space of SLn(C) strnctnres on X by 

= {O G Sl^\d^ = 0}/Diffo(X). 

From lemma 4-1-2 we see that ^Ksl (-^) is the C*—bnndle over the modnli 
space of integrable complex strnctnres on X with trivial canonical line 
bnndles. 

Proposition 4-1-3. The orbit Osl is elliptic. 

Proof. Let be (p,^)—forms on V with respect to I^o G In 

this case we see that 


_ /\n-l,0 

= A”’^ © 

Hence we have the complex : 

for u E V. Since the Dolbeanlt complex is elliptic, we see that the 
complex 0 —> E^ —> E^ —> • • • is exact. □ 

Proposition 4-1-4. Let Iq be the complex structure corresponding to 
Lt E E. If dd lemma holds for the complex manifold (X,/o), then 




and p ^, p^ are respectively injective, 

pi; H\if) ^ H"(X,C), p": ^ -ff"+'(VC) 
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In particular, if (X, is Kdhlerian, is injective for k = 1,2. 
Proof. As in proof of proposition 4-1-3 the complex is given as 

r(/\n-l,0) -^ ^ ^n-1,2^ - ± 

Then we have the following donble complex: 


r(/\n,0 

d 

r(/\n-l,0 
d 


d 


r(A 

d 


d 


r(A 


d 


n,l^ ^ , r(A’^’^ 

d 

r(A 

d 


n—1,1\ ^ , ■p/An—1,2 


r(A 


n—2,0 


d 


n-2,1 


d 


-> r(A'"' “’o -> 


r(An-2,2 


d 


d 


d 


Let a = x + ^ be a closed element of r(A”’^) 0 r(A” Then we have 
the following eqnations, 


(1) dy = 0, 

(2) dx + dy = 0. 


Using the Hodge decomposition, we have 

(3) y = Har{y) 0 d(d*G-Qy), 

where G-q is the Green operator with respect to the 5—Laplacian and 
Har{y) denotes the harmonic component of y. We also have 

(4) X = Har{x) + d{d*GQ x), 

where Gg is the Green operator with respect to the rl—Laplacian and 
Harfx) denotes the harmonic component of x. We pnt s = d*Ggx and 
t = d G-^ respectively. Then we have from (2) 

(5) dds 0 ddt = dd{s — t) = 0. 
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Applying 55-lemma, we see from (5) that there exists a 7 G A” such 
that 

(6) 5(s — t) = 557 . 


Hence we have from (4), 

X =Har{x) + 5s = Har{x) + 5t + 5(— 57 ) 
y =Har{y) + dt. 

Thus if Har{x) = 0 and Har{y) = 0, then a is written as a = x + y = 
d{t — 57 ) where t — E = A'^'^ 0 It implies that the 

map C) is injective and = H'^d(^x) 0 

Hence from section 2 , we have the smooth deformation space of SL„(C) 
structures. However Osl is not metrical and the moduli space 37lsj:,(A) 
is not Hausdorff in general. In fact it is known that it is not Hausdorff 
for surface. Hence in oder to obtain a Hausdorff moduli space, we 
must introduce extra geometric structures. The most natural structure 
is a Calabi-Yau structure. 

§4-2. Calabi-Yau structures. Let H be a real vector space of 2n 
dimensional. We consider a pair 4> = (H,a;) of a SL„(C) structure H 
and a real symplectic structure cj on H, 

n 

u) G a; A • • • A cj 7 ^ 0. 


We define by 


gn,uj{,u,v) = uj{Inu,v), 


for u,v E V. 
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Definition 4-2-l(Calabi-Yau structures ). A Calabi-Yau structure 
on V is a pair 4> = such that 

(1) n A a; = 0, n A cj = 0 

n 

(2) ft A fl = Cn Ij A — ■ A cJ 

(3) is positive definite. 


where Cn is a constant depending only on n,.i.e, 


-n 


r,{n-l) 

= (- 1 ) " 


i^n\ 


From the equation (1) we see that uj is of type A^’^ with respect to the 
almost complex structure The equation (2) is called Monge-Ampere 
equation. 

Lemma 4-2-2. Let AcviY) be the set of Calabi-Yau structures on V. 
Then There is the transitive action of G =G'T(2n,M) on A.cy(Y) and 
AcY{y) is the homogeneous space 


Acy{V) = GL{2n,^)/SU{n). 


Proof. Let 5 ^ 0 , 0 ; be the Kahler metric. Then we have a unitary basis of 
TX. Then the result follows from (1) and (2). □ 

Hence the set of Calabi-Yau structures on V is the orbit Ocy, 

OcY C A^(Y(g)C)* © aV*. 

Let Y be a real 2n dimensional vector space with a Calabi-Yau struc¬ 
ture 4>° = We define the complex Hodge star operator >i<c 

by 

a A =< Oi, [3 > ft^ 


5 
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where a, f3 ^ The complex Hodge star operator >i<c is a natural 

generalization of the ordinary Hodge star *, 

>Kc: ^ 

The vector space E"® is , by definition, 

e A^-i’° © A^ I n e H } 

The map TX ^ gjygj^ by v Then we see that this 

map is an isomorphism. Hence the projection to the first component 
defines an isomorphism: 

Ecy —^ A”-^’°, 

1-^ 


The is the tangent space of Calabi-Yau structures Acy{X). Hence 
by (1) and (2) of definition 4-2-1, the vector space E^iV) = E^^^iV) is 
the set of {a, (3) e A[^ © A^ satisfying equations 

a A cc® + A /? = 0, 

(4) a E DP Aa = ncn(3 A 

Let PP’*? be the primitive cohomology group with respect to Then 
we have the Lefschetz decomposition. 


^ pn,0 


= A cjO + G P^ 


pO,OA^o 


p0,2_ 


where and Pj^’^ denotes the real primitive forms of type 

(1,1). Then equation (4) is written as 

(6) A cn A a; + H A= 0, 

(7) A H = nCnP°’°uj^ 
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Then we see that (6) gives a relation between and and (7) 

also describes a relation between and Since there is no relation 
between the primitive parts , the kernel of the projection 

PcY ® is given by the primitive forms P^’^- Hence we 

have an exact sequence: 

(8) 0 -> Pj^’^ -> Pjy -> -> 0. 

The vector space is the subspace of A”’^ © © a|. We also 

consider the projection to the first component and we have an exact 
sequence: 

(9) 0 ^ (A^’^ © A^’2)m ^ El^ A^’^ © A”-^’2 ^ 0, 

where (A^’^ © A^’^)k denotes the real part of A^’^ © A^’^. Let X be a 
2n dimensional compact Kahler manifold. We denote by A^’-^ ( global ) 
differential forms on X of type (i, j). The real primitive forms of type 
{i,j) is denoted by P-^^ ■ Then we have a complex of forms on X by 
using the exterior derivative d: 

(10) 0 -» fP .... 

proposition 4-2-3. The cohomology groups of the complex (10) are 
respectively given hy 

where denotes the harmonic and primitive forms. 

Proof. By using Kahler identity, we see that a closed primitive form of 
type (1,1) is harmonic. Hence the first cohomology group of the complex 

(10) is P^’^. Let g be a real d- exact form of type The 

applying rlrl-lemma, we show that q is written as 


q = da, 
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where a = d*r] E and 77 G (A^’^ 0 A^’^)m. We shall show that there 
exists k E such that d*r]-\-dk E By the Lefschetz decomposition, 

the three form 77 is written as 

77 = s 0 0 A cc®, 

where s E (P^’^ 0 P^’^)ir, and 9 E A^- Let A ^;0 be the contraction with 
respect to the Kahler form Since A^o and d* commutes, 

A^od*ri = d* A^o 77 = P A^o (s 0 = d*e. 

On the other hand, applying Kaher identity again, we have 

A^od/c = d A^o k 0 V—^d*k = V—^d*k, 

where d* = d*—d*. Since /c G A^, 

dlk ={d* - d*)k = 5*/cL0 - d*k^’^ 

= {d* + d*){k^^^ - 

Hence if we define k by 

A: = 

then 

A^o{d*r] + dk) = = Pd0(-P0LO_^*^o,i^ _ ^ 

Hence each exact form q of type (A^’^ 0 A^’^)m is given by 

q = d{d*f] 0 dk), 

where d*T] dk E P]^’^- Thus the second cohomology group of the com¬ 
plex (10) is (p 2 ,l(X) 0 P'b 2 (X))K. □ 
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Theorem 4-2-4. The cohomology groups of the complex ifcY^ 



is respectively given by 

H\#cy) = H^-VX) ® ® (H^’^(X) ® 

In particular , p^ is injective for k — 0,1,2. 

Proof. By ( 8 ) and (9), we have the following diagram: 


0 0 



0 0 0 


At first we shall consider IP{^cy)- We assume that (s,t) ^ is 
written as an exact form, i.e., (s,t) = {da,db). Let a be an element of 
/^n,o 0 There is a splitting map A: ^ A^ such that 

(a, A (a)) is an element of Hence 

{da, dX{a)) G E^y- 
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By (10), we see that 

db — dX{a) G (A^’^ 0 

Then by proposition 4-2-3, there exists p G such that 

db — dX{a) = dp. 

Hence (s, t) is written as 

(s,t) = {da,db) = {da,d{X{a) +p)), 
where (a, A(a) Tp) G Hence we see that 

© (p24(X) © 

Next we shall consider Let (a, 6) be an element of and 

we assume that (a, 6) = {dr],d^). Then s is written as s = for 

some V G TX. By our definition P°y, is an element of P°y. 

Hence dy —dPcc® G P^’^- By proposition 4-2-3, a d-exact, primitive form 
vanishes. Thus dt — diyco^ = 0. Hence (a, 6) = {dr],d^) = {di^OP , diyUO^) , 
where G P°y. Hence we see that 

= H^’\X) © P”-Li(X) © 

Similarly we see that P°y(X) = □ 

Hence we have 

Theorem 4-2-5. The orbit Ocy is metrical, elliptic and topological. 

We also have 

Theorem 4-2-6. The cohomology group is the subspace ofH'^{X, C)© 

(X, M) which is defined by equations 

Oi X (jj Tt X (3 = 0, 
q;AO + OAo = ncn(3 X 


5 
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where a G C),/? G 

Let PP^^{X) be the primitive cohomology group with respect to lv. 
Then we have Lefschetz decomposition, 

a = lj G P”’°(X) © A cj. 

f3 = ^ p‘^^^[x)®P^'^{X)®P^'^{X)Alj®P^'‘^{X). 

Then the equation in theorem 4-2-6 is written as 

A cn A a; + A= 0, 

An=nc„/?°’V 

We see that G P'^’^{X) and G P^’^{X) are corresponding to the 
deformation in terms of constant multiplication: 

17 —^ 717 , (jj —> SLJ 

If a Kahler class [cc] is not invariant under a deformation, such a de¬ 
formation corresponds to an element of and This is in the 

case of Calabi family of hyperKahler manifolds, i.e., Twistor space gives 
such a deformation. It must be noted that there is no relation between 
q,«-14 ^ P'^~^^^(^X) and G P^’^(X). We have from theorem 1-8 

in section 1, 

Theorem 4-2-7. The map P is loeally injective, 

P : aUcr [X) —> (X, C) © (X, M). 

We also have from theorem 1-9 in section 1, 

Theorem 4-2-8. Let be the isotropy group of (17, cc), 


I{n,u) = {fe Diffo(x) I rn = n, /v = w}. 
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We consider the slice Sq at Then the isotropy group 

I{QP,uj^) is a subgroup of I(Q, to) for each {Q,lo) G Sq. 

We define the map PH ‘2 by 


where 

Ph2{[0,w]) ^ MrfH e P(ff"{X)), 

¥{H‘^{X)) denoted the projective space — {0})/]R*. Then we 

have 

Theorem 4-2-9. The inverse image Pfjl{[u)\dR) is a smooth manifold. 

Proof. From theorem 4-2-6 and theorem 4-2-7 the differential of the map 
Ph 2 is snrjective. Hence from the implicit fnnction theorem Pfjl{[uj\dpi) 
is a smooth manifold. 

Remark. Pf^2{[(x^]dR) is the C* bnndle over the modnli space of polarized 
manifolds [8]. 


§5 HyperKahler structures 

Let H be a 4n dimensional real vector space. A hyperKahler strnctnre 
on V consists of a metric g and three complex strnctnres /, J and K which 
satisfy the followings: 

(1) g{u,v) = g{Iu,Iv) = g{JuJv) = g{Ku, Kv), for G F, 

(2) = J^ = K‘^ = UK = -1. 

Then we have the fnndamental two forms uji,ujj, cuk by 

ujifa.v) =g{Iu,v), ljj{u,v) = g{Ju,v), 

(3) ujk{u,v) = g{Ku,v). 

We denote by ujc the complex form u)j + \/Uujk- Let AHKiV) be the 
set of pairs (a;j,a;c) corresponding to hyperKahler strnctnres on V. As 
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in section one AnKiy) is the snbset of A^0 and the group GL(4n, M) 
acts on AHKiy)- Then we see that AHKiY) is GL(4n, R)—orbit with 
the isotropy group Sp(n), 

(4) AHKiV) = GT(4n,R)/S'p(n). 

We denote by Ohk the orbit AHKiY)- 

Theorem 5-1. The orbit Ohk is metrical, elliptic and topological. 

Let 4>° = (ccj, ccj, ujY) be a hyperKahler structure on a 4n dimensional 
vector space V. We denote by the complex symplectic form ccj + 
Then we consider the pair The vector space are 

respectively given by 

= { YY, iv^c) I ^ ^ TX } 

Ehk = { {paYi, PaY) I a G End{TX) }. 


Then we consider the projection to the second component and we have 
the diagram: 



0 0 0 


Let /, J, K be the three almost complex structures on V. Then we denote 
by Aj’^ forms of type (1,1) with respect to I. Similarly Aj^( resp. A^^) 
denotes forms of type (1,1) w.r.t J ( resp. K). We define A^^ by the 
intersection between them, 

AL = A;’‘nAynAp. 
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Note that a G is the primitive form with respect to /, J, and K. 
When we identify two forms with so(4m), we have the decomposition: 

= sp(4m) 0 so(4m)/sp(4m). 

Then A^^ corresponds to sp(4m). Hence the dimension of A^^ is 2m^0 
m. We also see that 

= dim® 5f/(4m, M)/sp(4m) = 14m^ — m, 
dim® A^’° 0 A^’^ = 12m^ — 2m 

In fact we see that the kernel of the map A^’° 0 A^’^ is given 

by E^ik ■ We also define A^^ by real forms of type (A^^ 0 a^’^)ir 
for each /, J, and K. Then we also see that the kernel of the map 
^HK ® ® is We consider the following complex: 

(HK) 0 -> A?,, -> A^, -> ••• 

As in proof of Calabi-Yau structnres, we see that the cohomology groups 
of the complex (HK) are respectively given by 

= { real harmonic forms of type(l, l)w.r.tl, J,K} 

= { real harmonic forms of type A ’ 0 A ’ w.r.tLJ.K }. 

Hence we have the following: 

0 0 


0 -> aA > aA 

0 -> -BA- > BA * BA 

0 -> A^-° > A2’°0Abi > A3-°0A24 0Ab2 


0 


0 


0 
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Theorem 5-2. The cohomology groups of the complex ifuK «Le given 
by 


In particular, the map p^ is injective for k = 0,1,2. 

Proof. The proof is essentially same as in the case of Calabi-Yan strnc- 
tnres. Let A be the splitting map 0 ^ Let (s,t) by an 

element of E‘f^. We assume that (s,t) = {da,db) for b G A^’'^ 0 A^A ^nd 
a G A^. By using the splitting map A, we have (A( 6 ), 6 ) G Then 

{dX{b),db) G E'^j^. Hence da — dX{b) G A^^. Then there is an element 
7 G A^^ such that 

da — dX{b) = dj. 

Hence (s,t) = {da,db) = {d{X{b) -\-j),db), where ((A( 6 ) 0 7 , 6 ) G Ejj^^. 
Thus we have 

H^{#hk) = ® H^’\X) ® H^’^iX) ® H7. 

Similarly we see that 

= H^-^{X) ® H^’^{X) ® H7 

= H^-yx) 


□ 

Proof of theorem 5-1. This follows from theorem 5-2. □ 

§6. G 2 STRUCTURES 

Let H be a real 7 dimensional vector space with a positive definite 
metric. We denote by S the spinors on V. Let cr® be an element of S 
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with ||cr°|| = 1. By using the natural inclusion S <S> S C A*V*, we have 
a calibration by a square of spinors, 

(jO 0 = 1 + 0° + + vol, 

where vol denotes the volume form on V and (jP ( resp. ) is called 
the associative 3 form ( resp. coassociative f form ). Our construction 
of these forms in terms of spinors is written in chapter IV §10 of [20] and 
in section 14 of [11]. Background materials of G 2 geometry are found 
in [13],[15] and [24]. We also have an another description of (J)^ and 
We decompose V into a real 6 dimensional vector space W and the one 
dimensional vector space M. Let be an element of Calabi-Yau 

structure on W and t a nonzero 1 form on R. Then the 3 form 0° and 
the 4 form tjj^ are respectively written as 

0° = A t + Im A — Re A t. 

Then as in section 1, we define G 2 orbit O = as 

Og, = {(</.. i>) = GA, PgA) I g e GL(F) }. 

Note that the isotropy group is the exceptional Lie group G 2 . We denote 
by AG 2 iy) the orbit Og 2 - Let V be a real 7 dimensional compact 
manifold. Then we define a GL{7,M)/G 2 bundle Ag 2 {X) by 

AgAx)= |J.4G,(r,x). 

xex 

Let be the set of smooth global sections of Ag 2 {X), 

sh,{x) = r{x,AG2{x)). 

Then the moduli space of G 2 structures over X is given as 

OTg, (X) = {(</., i,) e £h, I # = 0 , # = 0 }/Diffo(X). 

We shall prove unobstructedness of G 2 structures. 
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Theorem 6-1. The orbit Og 2 is metrical, elliptic and topological. 

The rest of this section is devoted to prove theorem 6-1. In the case 
of G 2 , each E'^ is written as 

= E%^ = { S I w e F } 

= Eh, = { A) s a 3 ® A'* I ^ e s((F)} 

E'^ = E%^ = {(9 /\i}) e ® e aS (<j>, f) e E^^}. 

The Lie gronp G2 is a snbgronp of SO(7) and we see that G2 = {g ^ 
GL(17) \ Pg(J)^ = 0° }• Hence we have the metric g(j) corresponding to each 
3 form (f). Let be the Hodge star operator with respect to the metric 
g(j). Then a non linear operator 0(0) is defined as 

( 1 ) 0 ( 0 ) = *<^ 0 . 

According to [13], the differential of 0 at 0 is described as 

4 

(2) J(0) = d0(a)<^ = - >K 7ri(a) + *7r7(a) - *^ 27 ( 0 ), 

for each a G A^, where we use the irreducible decomposition of 3 forms 
on V under the action of G2, 

(3) + Aj + A 27 , 

and each tt^ is the projection to each component for i = 1,7,27, ( see 
also [12] for the operator J ). From (1) the orbit Og 2 is written as 

( 4 ) Og, = {(<!>,e(<l>))\<l>ep^}. 

Since EQ^iV) is the tangent space of the orbit Og 2 (0*^? 0°)? from ( 2 ) 
the vector space E^^iV) is also written as 

El,^{V) = { (a, Ja) e A^ © A"^ I a G A^ }. 


(5) 
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Let X be a real 7 dimensional compact manifold and {(j )^a closed 
element of Eq^{X). Then we have a vector bundle Eq^{X) ^ X by 

( 6 ) E'c^iX) = [j E'c^iT^X), 

xeX 

for each z = 0,1, 2. Then we have the complex # 02 ? 

0 -* r(£:»j r(EhJ -* .... 

The complex i^G 2 is a subcomplex of the de Rham complex, 

0 -* r(£;«j r(£;y) r(£: 2 j 

• ••-^ r(A2©A3) —^ r(A3©A4) —^ r(A4©A5) —^ 

Then we have the map: H^{^g 2 ) ^ L7^(X)©i7^(X) andp^: H‘^{^g 2 ) 
H^{X) © H^{X). The following lemma is shown in [12], 

Lemma 6-2. Let = dtp' he an exaet 3 form, where 6^ G r(A^). If 
dJdb^ = 0, then there exists 7 ^ G r(A 7 ) sueh that db^ = d'^‘^. 

We shall show that is injective by using lemma 6-2. 

Proposition 6-3. Let a = (a^,a^) be an element ofT{EQ^). We as¬ 
sume that there exists {b^,b^) G r(A^ © A^) sueh that 

(7) (a^,a^) = {db^,db^). 

Then there exists 7 = ( 7 ^, 7 ^) G r(X^^) satisfying 

{db^,db^) = {d'y‘^, d'f^). 

Proof. From (5) an element of T{Eq^) is written as 

(a^, a^) = (a^, Ja^). 



TOPOLOGICAL CALIBRATIONS 59 

From (7) we have 

( 8 ) dJdh^ = da^ = ddb^ = 0 

From lemma 6-2 we have 7 ^ G F(A 7 ) such that 

(9) db^ = d'y"^. 

Since 7 G F(A 7 ), 7 is written as 

(10) 7 = 

where n is a vector field. Since 0° is closed, d^ is given by the Lie 
derivative, 

(11) d'y = div4>^ = Lycf)^. 

Then since Diffg acts on 8q^, (Lycj)^, Ly'iJj^) = (diycj)^, diytjj^) is an ele¬ 
ment of F(E'g^). Hence from (5), we see 

(12) diyi^P = JdiycfP = Jd^^. 

From (12) we have 

(13) {db‘^,db^) = {db^, Jdb^) = (diycj), diytjj), 

where {iycf)^, iyt/j^) G T{Eq^). □ 

Next we shall show that is injective. 

Lemma 6-4. Let V be a real 7 dimensional vector space with a G 2 
structure 4>y. Let u be a non-zero one form on V. Then for any two 
form f] there exists 7 G A ^4 such that 

u A J{u At]) = u A J{u A 7 ) = —2 * ||n|| 7 , 
ivA = 0 , 
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where v is the vector which is metrical dual of the one form u and * is 
the Hodge star operator. 

Proof. The two forms is decomposed into the irreducible representa¬ 
tions of G 2 , 

= A7© Af4. 

We denote by rjj the Aj-component of 77 G A^. The subspace uaA^ is 
defined by {a A 77 G A ^|77 G A^}. we also denote by uaAj the subspace 
{77 A 777 G A^|77 G A^}. Then we have the orthogonal decomposition , 

(6-4-1) uaA^ = ua Aj (B{uaAy)~^, 

where (uaAj)-^ is the orthogonal complement. By the decomposition 
6-4-1, 77 A 77 is written as 

(6-4-2) 77A 77 = 77 A 777 + 77A77. 

for 77 G A^. Then we see that 

(6-4-3) it; (77 A 77 ) G A 14 . 

Since 777 is expressed as for w eV, we have 

u A J{u A 777 ) =77 A J{u A iw4>^) 

=77 A Jpa4>^, 

where a = w <S> u E V <S>V* ©End(14). Since Jpa4>^ = Pa'f^, 

77 A Jpaf^^ = 77 A Pa'f^ = 77 A (77 A iw'f^) = 0. 


Hence 


(6-4-4) 


77 A J{u A 777 ) = 0. 
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Then by 6-4-2 we have 

(6-4-5) u A J{u At]) = u A J{u A fj). 

fj is written as 

(6-4-6) i) = ^11^^ 11^ {iv {u A fi)+u A iyfj ). 


2||a 


We define 7 by 


1 


7 = 7 ^- :^iv{uAl)). 

2 u ^ 


By 6-4-3, 7 G 7 ^ 4 - By 6-4-5 ,6 we have 

(6-4-7) u A J{u Af]) = u A J{u A 7 ). 

Since 7 G A 14 , 7 A = 0. Then it follows that 

(6-4-8) A a A 7 = 0. 

We also have *7 = —7 A 0° from 7 G a\^. Since 
u A (* 7 ) = 0. Thns 

(6-4-9) A a A 7 = 0. 

By 6-4-8 and 6-4-9, we have 


0 , we have 


(6-4-10) 

Then by 6-4-7, 


a A 7 G A 27 . 


u A J{u A rj) =u A J{u A 7 ) 

= — u A *(u A 7 ) = — * iyU A 7 

= -2|M7n) 


□ 
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Proposition 6-5. Let Eq^CV) be the vector space as in before. Then 
we have an exact sequence, 

0 -> Af 4 -> El^{V) -> -> 0 

Proof. The map Eq^ A^ is the projection to the first component. We 
denote by Ker the Kernel of the map Eq^ A^. We shall show that Ker 
= Af 4 . Let {vi, V 2 , - ■ ■ , Vj} be an orthonormal basis of V. We denote by 
the dnal basis of K*. Let (s, t) be an element of (K), 
where s G A"^ and t G A^. Then we have the following description: 

(6-5-1) s = A ai + A 02 + • • • + A 07 , 

(6-5-2) t = A Jai + A Ja2 + • • • + A Jaj. 

where oi, 02 , •'' , a? G A^ satisfying 

iviCim = 0, V/ < m. 

We assnme that (s, t) GKer. Then s = 0. By 6-5-1, we see that A ai = 
0, for all 1. Hence each ai is written as 

(6-5-3) ai = A r]i 

where 77 ^ G A^. By (6-5-2) we have 

7 

t = A J{u^ A r]i). 

1=1 

Then it follows from lemma 6-4 there exists 7 ^ such that 

7 7 

t = AJ{u^ Ayz) = -2^ ||u^|P(>K7 z), 

1=1 1=1 

where 7 / G A 44 . Hence t G A 44 . Therefore we see that Ker = A 44 . □ 
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Lemma 6-6. Let X he a compaet 7 dimensional manifold with G 2 struc¬ 
ture (i.e., d^^ = 0). Then for any two form 77 there exists 7 G A ^4 
such that 


dJdf] = dJd'y = — * A 7 , 
d*7 = 0. 


Proof. We denote by the closed subspace {dr]\r] G A^}. Since dAj = 
{dr]j\r]j G A^} is the closed subspace of dA^, we have the decomposition, 

( 6 - 6 - 1 ) dA^ = d A 7 0 {dAj)~^ 

where (dA^)-^ denotes the orthogonal subspace of dAj. By 6-6-1, dr] is 
written as 

df] = dr]7 0 df], 

where dfj G (dA^)-'-. Hence we have 
(6-6-2) d*dfi G A ^4 

As in the proof of lemma 6-4, 777 is written as iwf^ for some w G TX. 
Hence 

(6-6-3) dJdrjj = dJdi^f^ = dJLyjcfP = dLy^ip^ = ddi^f)^ = 0. 

Thus dJdf] = dJdf}. By the Hodge decomposition, we have 

77 = Harm{fj) 0 dd*Gf] 0 d*dGfj, 

where Harm{fj) is the harmonic part of 77 and G denotes the Green 
operator. We define 7 by 


7 = d*dGfj. 
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Then by Chern’s theorem ( ttjG = Gttj) and 6-6-2, we see that 7 G A 14 . 
Then di) = d'j and d*j = 0. Since 7 G A14, we have j A = 0 and 
*7 = “7 Hence we have 

(6-6-4) d'y A (j)^ = 0, 

(6-6-5) d^ A = 0. 

Hence it follows from 6-6-4,5 that 

(6-6-6) d'y G A27. 


Then by 6 - 6 - 6 , 


By 6-6-3, 

□ 


dJd'y = —d * dy = — * Ay. 
dJdi] = — * Ay. 


Proposition 6-7. 


Hy#G,) = nyx) e HI(X). 

In particular, 

7 : Hy#G,) ^ nyx) ® Hyx) 

is injective. 

Proof. Let (s, t) be an element of (X). We assnme that s, t are exact 
forms respectively,!.e., 

(6-7-1) s = da, t = db, 

for some a G A^ and 6 G A^. Then we shall show that there exists d G A^ 
such that da = da and db = dJd. Since (da, dJa) is an element of , 
it follows from proposition 6-5 that 


(6-7-2) 


db — dJa G Af4 
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We shall show that there exists 77 G satisfying, 

(6-7-3) dh = dJ{a-\-drj) 

In order to solve the equation (6-7-3), we apply lemma 6 - 6 . Then there 
exists 7 G Ai 4 such that 

(6-7-4) dJdrj = — * A 7 

d*7 = 0. 

Substituting 6-7-4 to the equation (6-7-3), we have 

(6-7-5) — * A 7 = db — dJa 

Then by (6-7-2), there exists a solution 7 of the equation (6-7-5), 

7 = —G * {db — dJa) G A^ 4 . 

Hence if we set a = a + 0 ^ 7 , (s, t) is written as 

s = dd = d{a + 0 ^ 7 ), 

t = dJd = dJ{a + d'y) 

Therefore : H‘^{^g 2 ) H^{X) 0 H^{X) is injective. Furthermore 

we consider harmonic forms IHI^(X) and 11^4 (X). By Chern’s theorem 
H^{X)®Hl^{X) ^ e 4 (X)©ef 4 (X). Since the complex # 0 ^ is elliptic, 
^^(# 02 ) is represented by harmonic forms of the complex 

Then we see that there is the injective map 
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Since is injective, we have 


H\#g,) = H^iX) ® Hl{X). 


□ 

proof of theorem 6-1. By proposition 6-3 and proposition 6-7, we have 

= H^X) -Si H^(X) 

H\#g,) = H^X) ^ H\X) 

H‘^(#g,) = H\X)®HI^(X). 

Hence we have the result. 

§7. Spin(7) structures 

Let H be a real 8 dimensional vector space with a positive definite 
metric. We denote by S the spinors of V. Then S is decomposed into 
the positive spinor and the negative spinor S~. Let aQ be a positive 
spinor with ||cr,||| = 1. Then under the identification S' 0 S' = A*V, we 
have a calibration by the square of the spinor, 

cr^ 0 CTo" = 1 + + vol, 

where vol denotes the volume form on V and is called the Cayley 
4 form on V (see [11], [20] for our construction in terms of spinors). 
Background materials of Spin(7) geometry are found in [14],[15] and 
[24]. we decompose V into a real 7 dimensional vector space W and the 
one dimensional vector space M, 

H = W © R. 

Then a Cayley 4 form 4>° is defined as 


/ + G aV*, 
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where G Og 2 {W) and 6 is non zero one form on M. We define 

an orbit Ospini?) = ^Spin( 7 )(^) by 

Ospin(7) = {Ps$“lff6GL(0}- 
Since the isotropy is Spin(7), the orbit 0 spin( 7 ) is written as 

0 spin( 7 ) = GL(y)/Spin(7). 

Let X be a real 8 dimensional compact manifold. Then we define 
'^Spin( 7 )(^) by 

Ap.„( 7){^) = U '^Spin(7) ^ 

xex 

We denote by ^Spin( 7 )("^) ^be set of global section of ^spin( 7 ) 

^sW)W=r(^,^Spin(7)m). 

Then we define the modnli space of Spin(7) strnctnres over X as 
9?tspin(7) W = {^ e ^Spin(7) = 0 }/Diffo (X). 

The following theorem is shown in [15] 

Theorem 7-1. [15] The moduli space 011 spin( 7 )(-^) is a smooth manifold 
with 

dimailspin(7)(^) = bi + bj + 635 , 

where Harmonic 4 forms on X is decomposed into irreducible represen¬ 
tations of Spin (7); 

e4(x) = ef © 

each bf denoted dimEl|, for i = 1,7,27 and 35. 

Note that IHI^(X) is decomposed into self dual forms and anti-self dual 
forms, 

e^(x) =e+©e-, 

where 

e+(x) = ef © e- = 

We shall show theorem 7-1 by using our method in section one. 
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Theorem 7-2. The orbit Ospin{ 7 ) 'i-s metrical, elliptic and topological. 

Since Spin(7) is a subgronp of SO (8), we have the metric g^j^o for each 
G C^spin(7)- For each G C^Spin(7)(^)? and are orthogonally 
decomposed into the irredncible representations of Spin(7), 


A 


3 


a| 0 A 4 g, 


A^ = A+ © A“ = (A^ © A^ © Ajj) © A^5, 

where A^ denotes the irredncible representation of Spin(7) of i dimen¬ 
sional. We denote by tt^ the orthogonal projection to each component. 
Let X be a real 8 dimensional compact manifold with a closed form 
d>° G ^Spin(7)("^)- Fet g^o be the metric corresponding to Then 
there is a nnique parallel positive spinor aQ G T{S^) with 


cTq © crd = 1 © $0 + vol, 


where is identified with the subset of Clifford algebra Cliff = A* 

( see [16]). By using the parallel spinor aQ , the positive and negative 
spinors are respectively identified with following representations, 


( 1 ) 


r(5+) ^r(At© A^), 

© cr^, 


r(S'-)s^r(Ai). 

( 2 ) a~ —> a~ ® ©, 

where G r(S'^). Under the identification (1) and (2), The Dirac 
operator D+: r(S'+) ^ r(S'“) is written as 

TTgod© r(At© A^) ^r(Ai). 

In particular Ker TTg o d* are Harmonic forms in r(A 4 © A^). Hence we 
have 
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Lemma 7-3. 

Ker TTgod* = ef(X) © e4(X). 

In the case of Spin(7), each E'^ = is given by 

'^Spin(7) = ^8 5 '^Spin(7) = © A 7 © A^. 

Let a be an element of We assume that 

(3) da = 0, TTgd* a = 0, 

So that is, a is an element of © 1 ^( 7 ^), where 7 ^ is the complex 

0 -► - 

••• -> r(Ai) —^ r(Af©Af©A-) — T{A^) - 

(Note that d^ = ngd*.) We decompose a into the self-dual form and the 
anti-self-dual form, 


a — a'^ © cr G r(AA^ © r(A ). 


From (3) we have 


da'^ E da =0 

TTg * da'^ — TTg * da~ = 0 . 

Hence we have TTsd*a'^ = 0. From lemma 7-3, we see that da'^ = 0. 
Hence we also have da” = 0 and it implies that o; is a harmonic form 
with respect to the metric 0 * 0 . Hence the map p: —> 

H^{X) ^ e4(X) is injective. 



70 


RYUSHI GOTO 


Theorem 7-4. The cohomology groups of the complex i^spin^r) ''Re¬ 
spectively given hy 

= HfiX) e H^X) ® Ht(X), 

= H\X), 

In particular p^ and p^ are respectively injective. 

Proof. It is sufficient to show that H‘^{jfspir.{ 7 )) = II^{X). Since anti-self 

dual forms is the subset of El . we see that our result. 

Proof of theorem 1-2. This follows from theorem 7-4. 
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